We propose information theoretic tests for serial independence and linearity in time series against nonlinear dependence on lagged variables, based on the conditional mutual information. The conditional mutual information, which is a general measure for dependence, is estimated using the correlation integral from chaos theory. The significance of the test statistics is determined by means of bootstrap methods. The size and power properties of the tests are examined by simulation and illustrated with applications to real US GNP data.
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Introduction
It is well known that processes with zero autocorrelation can exhibit higher order dependence or nonlinear dependence. This has motivated the development of tests for serial independence with power against general types of dependence. The recent literature shows an increasing interest in nonparametric approaches since they avoid making restrictive assumptions on the marginal distribution of the process. Usually a nonparametric measure of divergence between two distributions is taken to be the basis of the test. For example, Robinson (1991) considers the Kullback-Leibler information, while Skaug and Tjøstheim (1993a) study the Blum, Kiefer & Rosenblatt (1961) statistic. Some divergence measures based on the probability density functions are compared in Skaug and Tjøstheim (1993b) . Other recently proposed nonparametric tests for serial independence in time series can be found, for example, in Chan and Tran (1992) , Delgado (1996) and Aparicio and Escribano (1998) .
Although evidence against the null hypothesis of independence for a particular time series suggests the presence of structure in the time series, it usually provides little insight into the nature of this structure. For example, the structure could be either linear or nonlinear. The properties of linear models are well-known, and linear modelling is relatively straightforward compared to nonlinear modelling. Therefore, before moving to nonlinear models for an observed time series, one should at least have some evidence for the presence of nonlinear dependence. Therefore, when dependence is found, testing the hypothesis of linearity is a natural next step in practice. One way of testing for linearity is by applying a test for independence to the residuals of an estimated linear model. A rejection of the null hypothesis provides evidence suggesting that some structure is left in the residuals upon removing linear dependence, and hence that a linear model is not appropriate. Brock et al. (1996) have shown that the BDS test for independence provides a consistent specification test when applied to residuals, provided that the model parameters are estimated root-N consistently. An alternative approach to testing for linearity is that of comparing linear and nonparametric statistics, such as estimators of the conditional mean and variance, as proposed by Hjellvik and Tjøstheim (1995) and Hjellvik et al. (1998) . This avoids pre-whitening of the time series, which typically leads to a reduction in power, and also preserves the order of dependence in the time series.
The statistics used in this paper are closely related to the δ statistic introduced by Wu et al. (1993) for measuring conditional dependence. The δ statistic is defined in terms of ratios of correlation integrals. Correlation integrals originate from the study of chaotic systems, where they are important means of characterizing the dynamics of deterministic processes. Their estimation is relatively straightforward. The connection between generalized correlation integrals and information theoretic quantities, established by Prichard and Theiler (1995) , shows that our statistics correspond to the second order conditional mutual information. The information theoretic quantities used by Granger and Lin (1994) are also related to ours. However, their test statistic is a generalisation of the autocorrelation function, while ours generalises the partial autocorrelation function. This renders our statistics more suitable for investigating the lag dependence, which may serve as a first step for model selection. Since the number of parameters in a parametric nonlinear time series model (such as a TAR model) typically increases fast with the number of lags selected, lag selection criteria are important for constructing parsimonious time series models. For some recent approaches to lag selection see Auestad and Tjøstheim (1990) , Cheng and Tong (1991) , Tschernig and Yang (2000) .
The proposed tests are characterized by the following three properties. Firstly, the test statistics are based on information theoretic quantities. Since these are nonlinear functionals of the density function they can capture dependence in higher moments of the distribution. Secondly, the conditional mutual information is used, rather than mutual information. This provides insights into the lag dependence in the time series. Thirdly, in the linearity test we compare nonparametric and linear parametric information-theoretic quantities for the original time series. The advantage over testing for dependence in residuals is that the lag dependence in the time series is preserved.
In section 2. we briefly review some information theoretic quantities while section 3. describes the estimation methods based on correlation integrals. Sections 4. and 5. discuss the test of independence and linearity, respectively. In section 6. the size and power properties of the tests are investigated numerically for a number of linear and nonlinear models. Section 7. illustrates our approach with applications to a macroeconomic time series.
Information theory
Information theory was introduced by Shannon (1948) and Wiener (1948) and its statistical application pioneered by Kullback (1959) . Since our approach is closely connected with information theory we will give a brief overview here.
Let X be a continuous, possibly vector-valued, random variable with probability density function f X (x). The Shannon entropy is defined as
which is just the expected value of − ln f X (X), −E(ln f X (X)). Similarly, for a pair of random variables X, Y with joint probability density function f X,Y (x, y), the joint entropy reads
The conditional entropy of X given Y is the mean entropy of X, conditional on Y :
where f X|Y (x | y) denotes the conditional probability density function of X, given Y = y. It can be easily verified that
Note that H(X|Y ) is not invariant under changing its arguments. However, the mutual information, defined as
is a symmetric measure of dependence between X and Y . The mutual information measures the average information contained in one of the random variables about the other. The symmetry follows directly from the definition and also becomes obvious after expressing it in terms of entropies: 
This property makes it a useful quantity for testing independence hypotheses. For testing conditional independence of X and Y , given a third random variable Z, it is useful to consider the conditional mutual information, defined by
The conditional mutual information quantifies the average amount of additional information in Y about X, given the information about X already contained in Z. This can be seen by expressing it as
We have I(X, Y |Z) ≥ 0, with equality if and only if X and Y are conditionally independent, given Z. To describe the relation between information theoretic quantities and correlation integrals it is convenient to notice that the Shannon entropy is a special case of a generalised entropy, the Renyi entropy, defined by 6) where q denotes the order of the Renyi entropy. Indeed, by taking the limit q → 1, one obtains using l'Hôpital's rule,
which is just the Shannon entropy H(X) defined in Eq. (2.1).
Correlation integrals
Next let us describe the connection with correlation integrals, and the way correlation integrals can be used as estimators for information theoretic quantities.
The generalized order-q correlation integral of X is defined as
where I (·) denotes the indicator function taking values 0 and 1, and · denotes the supremum norm
The parameter plays the role of a bandwidth. Correlation integral estimates are being used frequently in chaos theory to study fractal structures and to characterize deterministic time series. Correlation integrals are also useful for testing for serial independence, because the generalized correlation integral factorises when the elements of X are i.i.d. (independent and identically distributed).
The factorisation for q = 2 was used in the BDS test for independence, based on C 2 (X; ). Upon taking logarithms in Eqn. (3.1) we obtain
which differs from the generalized Renyi entropy, given in Eqn. (2.6), only in that it has the term f X (x) within brackets replaced by an integral of f X (x ) over an -ball around x. The inner integral in Eqn. (3.1) behaves as m f X (x) for small , where m is the dimension of X. Thus, up to an dependent scale factor, the correlation integral will correspond to the integral in Eqn. (2.6). The relationship between H q (X) and C q (X; ) for small is
This shows that estimated correlation integrals provide nonparametric estimates of H q (X). To give an example of how this leads to estimates of information theoretic quantities, let us consider I q (X, Y ) the q-th order mutual information between X and Y , given by
The terms proportional to m ln cancel because the dimension of (X, Y ) is the sum of those of X and Y . A similar cancellation occurs in the conditional mutual information, for which we obtain analogously:
Further details on the connection between correlation integrals and information theory can be found in Prichard and Theiler (1995) . The choice q = 2 is by far the most popular in chaos analysis, since it allows for efficient estimation algorithms. The conditional mutual information I q (X, Y |Z) strictly speaking is not positive definite for q = 1. This means that it is possible to construct examples of variables X and Y , which are conditionally dependent given Z, and for which I 2 (X, Y |Z) is zero or negative. If I 2 (X, Y |Z) is zero, the test based on I 2 asymptotically does not have unit power against this alternative. This situation appears to be very exceptional, and usually I 2 (X, Y |Z) is either positive or negative. This suggests that a one-sided test, rejecting for I 2 (X, Y |Z; ) large, is not always optimal. In practice, however, I 2 behaves much like I 1 in that we usually observe larger power for one-sided tests (rejecting for large I 2 ) than for two-sided tests. This led us to choose q = 2, together with a one-sided implementation of the test.
Testing for Serial Independence
In this section we describe our approach to testing for serial independence in a time series setting. Let {X t } T t=1 be an observed time series of length T . We test the following null hypothesis:
our test statistic is based on the conditional mutual information defined above. By doing so the test is designed to have power against alternatives with conditional dependence, which has the advantage that the p-values obtained at different orders provide information about the lag structure of the time series. We define delay vectors as
where the prime denotes the transposed. The number of elements m is referred to as the embedding dimension. The total number of vectors, N, obtained in this way is N = T − m + 1. The conditional mutual information between X t and X t−m given the intermediate observations, X m−1 t−1 is given by
The conditional mutual information has a particular interpretation in a time series setting: if X t is a Markov process of order k, the conditional probability density depends only in the last k lagged values of the time series and further lags contain no additional information. The conditional mutual information between X t and X t− will become zero for > k and positive for ≤ k. In this sense the conditional mutual information can be interpreted as an order identifier.
Another useful interpretation is the following. The average amount of information about X t in X m t−1 is given by I(X t , X m t−1 ), while the average amount of information about X t in X m−1 t−1 only is given by I(X t , X m−1 t−1 ). If these two information measures are subtracted, one arrives at 
The second order (q = 2) correlation integral for the m-dimensional delay vectors X m t is
Because this is just the expectation of the kernel function, E(I ( X 1 m −X 2 m ≤ ) ), it can be estimated straightforwardly in a U-statistics framework, by
Note that the conditional mutual information is an unbounded measure of conditional dependence. In our implementation we use a transformed version of the mutual information,
7) which takes values between 0 and 1. The use of δ m ( ) was first proposed by Savit and Green (1991) to determine the dimension of a chaotic attractor. Wu et al. (1993) derived the asymptotic distribution under the null hypothesis of an i.i.d. process. The asymptotic distribution is
where the asymptotic variance is given by 9) and C 1 ( ) indicates the correlation integral at embedding dimension 1 while K 1 ( ) is estimated by
(4.10)
It is known that the normal approximation based on the asymptotic distribution does not always perform well for small sample sizes. In the simulation study we will show that problems also arise for δ m ( ). This is the main motivation for using a bootstrap approach for determining the null distribution of the test statistic.
We will implement the test for independence as a Monte Carlo test. The Monte Carlo approach was first suggested by Barnard (1963) in the context of testing a simple null hypothesis. The idea is to construct the null distribution of the test statistic by calculating the test statistic for a large number of independent realisations generated by the null model. One can derive the significance of an empirically observed value of the test statistic using the fact that, under the null hypothesis, the test statistic for the original data and the artificial data are independent draws from the null distribution. In cases where one wishes to test a composite null hypothesis this procedure cannot be applied directly, since the true null process still depends on unknown model parameters. It was shown by Besag and Diggle (1977) and Engen and Lillegård (1997) that one can still obtain an exact level Monte Carlo test for composite hypotheses by conditioning on a minimal set of sufficient statistics under the null hypothesis. The approach is very flexible in that it allows for testing null hypotheses which are completely unspecified apart from some properties, as the symmetry tests proposed by Diks and Tong (1999) show. Under the IID null the order statistics provide a minimal and sufficient statistic. Under the null, and conditionally on the order statistic, each permutation of the observed data is equally probable, so that conditioning on the order statistic leads to a permutation test. Because a permutation test can be implemented easily, it offers a convenient way for obtaining an exact test.
The test procedure is thus composed of the following steps:
1. Calculate δ m ( ) for the time series {X t } T t=1 .
2. Randomly permute the time series and obtain { X t } T t=1 .
Calculate the test statistic on
, denoted by δ m ( ).
4. Repeat steps 2-3 B times. In the simulations we set B to 199. In the bootstrap literature it is often emphasized that one should consider test statistics which are, at least asymptotically, pivotal under the null hypothesis, that is, their distribution should not depend on any unknown parameters under the null, see e.g. Beran (1988) . The Monte Carlo approach, by conditioning on a minimal sufficient statistic, automatically satisfies this requirement, even for finite sample sizes. The reason is that after conditioning on a minimal and sufficient statistic under the null, the null distribution of any statistic, by construction, does not depend on any unknown parameters.
Testing for Linearity
We test for linearity by comparing a nonparametric estimate of the conditional mutual information with a parametric counterpart. This amounts to compare the extra amount of information contained in X t−m about X t with the expected amount of extra information under the null of linearity.
For linear Gaussian processes, we have X 
which depends from the order q. The mutual information and conditional mutual information for linear Gaussian processes become
and
respectively, which are both independent of the Renyi order q. It follows that δ m for a linear Gaussian random process behaves as δ 
where for l m a consistent estimator is used, based on triangularization of the sample variance-covariance matrix.
In the case of testing for linearity it is less straightforward to set up a Monte Carlo test than for the independence test, and instead we set up a parametric bootstrap procedure to approximate the null distribution of the test statistic.
The test is composed of the following steps:
1. Calculate µ m ( ) for the time series {X t } T t=1 .
Estimate an AR(d) model for d = 1, ..., d
max and choose the optimal order d according to a selection criterium. In the simulation and the empirical applications we used AIC selection criterium.
3. Generate data using the estimated parameters and Gaussian innovations; the bootstrap time series is given by
with β the estimated parameters and t drawn from the standard normal distribution.
4. Calculate µ m ( ) for the bootstrap time series.
5. Repeat steps 3-4 B times. We use B equal to 199.
6. Calculate the one-sided bootstrap p-value as
Reject the null hypothesis of linearity if p ≤ α, where α denotes the significance level.
Simulations
This section describes the results obtained for the tests in simulations. Because the time series are scaled to unit sample variance prior to analysis, the values quoted for the bandwidth parameter can be thought of as being expressed in terms of the number of standard deviations of the time series.
6..1 Test for Serial Independence
Before examining the power of our test for various models, we first examine the size of the asymptotic test for independence for the δ statistic. Recall that checking the size of the permutation test for independence is not necessary, since the permutation test by construction has exact level. Table 1 shows the size of the asymptotic test for sample sizes of 100, 200 and 500 and for equal to 0.5, 1.0, 1.5 and 2 based on 1000 simulations. In all cases the asymptotic test has a tendency of over-rejecting. As expected, increasing the time series length T improves the size of the asymptotic test. Also it can be observed that for small the asymptotic approximation is poor. In that case, the correlation integrals are determined by a small number of distances so that the assumption of normality is no longer realistic. For similar reasons, increasing m also leads to a poor approximation of the asymptotic theory. These results clearly demonstrate the overall poor performance of the asymptotic test for small sample sizes. We next investigate the finite sample performance of our test for independence for the models given in Table 2 . Throughout we use 1000 simulations for each case, keeping the number of bootstrap replications fixed at B = 199. The AR(1) process and the Asymmetric Tent Map (ATM) have the same autocorrelation structure but the second process is a chaotic map. For the Nonlinear AR (NLAR) model we will consider dependence in different lags and investigate the behavior of the statistic in identifying the order. The remaining processes are nonlinear stochastic models with zero autocorrelation at all lags. For these models the application of autocorrelation based tests would fail to detect any dependence. Because of the curse of dimensionality, we analyzed the conditional dependence in the first four lags for sample sizes T = 100 and T = 200. We considered three values of the bandwidth equal to 0.5, 1.0 and 1.5.
Name
Model AR (1) y t = 0.6y The results are shown in Table 3 . For the AR(1) model the permutation test has power close to unity for the first lag for all sample sizes. For higher lags the rejection rate is close to the nominal level, confirming the ability of the test to detect conditional dependence, which only occurs through the first lag. Notice that the power for the lags larger than 1 are even smaller than the size. This possibly results from the fact that there is conditional independence in this process for higher lags, but no unconditional independence (our null hypothesis, under which the bootstrap is performed).
For the chaotic ATM, the test has unit power at lag one for all our choices for the time series length and the bandwidth. The obtained rejection rates for this model were zero for all higher lags, which have no conditional dependence.
The BILINEAR model exhibits conditional dependence through the first two lags. For this model larger sample sizes clearly improve the power of the test. As expected the test has power against this alternative only for the first and second lag.
The result for the NLAR model confirm the ability of the test to have very high power to detect dependences. When the true order is 1 the test has power higher than 0.90 on the first lag for the range of considered. Instead when the true order is 3 the bandwidth becomes relevant for the power of the test: for = 0.5 it is 0.38 and increases to 0.89 for = 1. For sample size of 200 the power increases significantly. The lower power of NLAR(3) in comparison with NLAR(1) for T = 100 can be explained as the result of the curse of dimensionality: estimating multivariate densities for small bandwidth affects the statistical precision of the test statistics.
The test has also power against the (first order) TAR model: for = 1.0 the rejection rate is 0.62 for sample size 100 and 0.89 for 200. In this case = 1.5 shows less power than the smaller bandwidths for the first lag (m = 1). Here it can also be observed that there is some power in the second lag. We conjecture that this "leakage" of power is the result of taking a bandwidth too large compared to the length scale on which the conditional distribution of X t given past observations changes.
For the ARCH(1) model the test has remarkably high power already at sample size T = 100: for = 1.0 it goes from 0.86 to 0.99 for time series lengths of T = 200. Some marginal power is also detected in the second lag and no evidence of deviations from the null occur in the third and fourth lag. The test also has power against the GARCH alternative. For the GARCH(1,1) model the test has power for all four lags analyzed. In this case the interpretation in terms of order is not possible, as the model for X t is of infinite Markov order.
Although the optimal bandwidth is expected to depend on the alternative at hand, a bandwidth of 1.0 appears to be reasonable for the processes examined here.
There are of course many tests for independence with which we can compare ours. However, it appears unreasonable to compare an omnibus test with a test which has power against specific alternatives. It can be expected that tests which are designed to pick up specific types of dependence, such as changes in conditional mean or variance, have larger power for specific alternatives than omnibus tests such as the BDS test and ours. Therefore we decided to compare our test only with the BDS test. The latter can also easily be implemented as a permutation test, so that the size is exact and power comparisons are meaningful. Even taking this into account it can hardly be expected that our test or the BDS test is uniformly more powerful than the other, which makes direct power comparisons for specific models not very interesting. However, we can compare our results qualitatively to the BDS test, focusing on the behavior of the power function with changing lag m. Since the BDS test is sensitive to dependence, and not only conditional dependence, we expect it to have a tendency of rejecting beyond lags for which the first evidence for dependence is found. Table 4 shows the results for some of the models obtained with the permutation version of the BDS test with = 1.0 and T = 100. In a comparison with Table 3 , it can be observed that the BDS test has a tendency of rejecting for embedding dimension m > k when there is conditional dependence only up to m = k. These results illustrate our earlier point that the δ test is more suitable for obtaining insights into the lag dependence structure than the BDS test.
6..2 Test for Linearity
We first show the size properties of the test in Table 5 . For smaller than 1.5, the test is correctly sized at all the four lags taken into account. For higher bandwidth values the first lag has the tendency to underreject the null hypothesis while larger lags seem to be relatively unaffected by the choice of . These size considerations seem to suggest to take the bandwidth in the interval 0.5-1.0. Table 5 shows results for the AR(1) parameter equal to 0.6. Similar results were found upon changing the value of the AR(1) coefficient. Table 6 shows the power of the test for linearity for time series lengths T = 100 and T = 200 and for different bandwidth values. We also show the power of the V 23 test for linearity proposed by Teräsvirta et al. (1993) . This test has power against a wide range of alternative specifications of the conditional mean of the process. The order used in the V 23 test is the true order of the simulated model.
The test has unit power against the alternative of ATM. Even though it has the same linear structure of an AR model, the underlying chaotic dynamics is well addressed by the test. Similar results are obtained by the V 23 test. For = 1.0 and T = 200 the test has power (at 5% significance level) 0.63 and 0.85 in the first and second lag respectively, against the BILINEAR alternative. Comparing the power with the parametric test, it turns out that for smaller sample size the curse of dimensionality affects the performance of the test whereas for bigger sample size the tests have similar power. For the NLAR process the power is higher for = 1 and increases with the sample size. The order is correctly detected for the 2 models considered. For = 1 and N = 100 the power for the first order model is 0.29 and for the third order is 0.18. Also for the linearity test occurs the decay in power for the model with dependence in the third lag. In comparison with the independence test the power has significantly decreased. This is because the test for linearity considers only nonlinear dependence whereas the independence test was rejecting also for the presence of linear structure. The comparison with the V 23 test shows that it generally performs slightly worse than ours, particularly for the NLAR(1). The power is 0.57 on the first lag for TAR and increases to 0.89 for the bigger sample size. Also for this model our test has higher power than the V23 test in the smaller sample and similar for T = 200. Very high power is also present for the ARCH(1) model. The test also has power on various lags for the GARCH(1,1) model. For the ARCH and GARCH models no results are quoted for the V23 test, since this test is not consistent against dependence in higher moments.
Power considerations suggest that = 0.5 performs poorly in comparison with higher bandwidths. A reasonable trade-off between size and power seems to suggest a choice of ≈ 1.0. In addition, the comparison with the V23 test suggests that our test in most cases performs at least as well. The additional advantage of the nonparametric linearity test is that it can also capture dependence occurring in higher moments.
Empirical Applications
There have been many investigations concerning the presence of nonlinear dynamics in real US GNP data. In a TAR framework, Tiao and Tsay (1994) proposed a 4 regimes model involving the first 2 lags and Potter (1995) a 2 regimes model using lags 1,2 and 5. We apply the tests proposed here to the time series of log-differences of quarterly seasonally adjusted real GNP from the first quarter of 1947 to the last quarter of 2000. The use of seasonally adjusted data is common practice, and might introduce nonlinearities in the data. Investigating the effect of seasonal adjustment on the tests proposed here are beyond the purpose of this article. In total we have 216 observations and we calculate the δ statistic up to lag 5 to avoid the curse of dimensionality.
The results are summarized in Table 7 . For = 0.5 the null of independence is rejected for the first 2 lags. The test for linearity instead rejects only for the second lag and this can be interpreted as an indication that the first order dependence was mainly of linear nature. Higher bandwidths confirm the rejection of the null hypothesis for the first 2 lags but also the third and fourth lags show rejections for both tests. These conclusions are partly in accordance with the results of Tiao and Tsay and Potter. However, there is also evidence that taking only the first 2 lags may lead to some structure left in the time series. The reason can be an unexplained dynamics in the conditional mean or in higher moments. As shown in Table 3 and 6 rejection of the null can arise also because of heteroskedastic structure such as for GARCH models where the power is spread in the first 4 lags.
Conclusion
In this paper we propose information theoretic bootstrap tests for independence and linearity. The results of the simulation study show that the tests have good power properties at moderate sample sizes, when compared to the BDS test and the V23 test. In addition they provide insights into the lag dependence in the data generating process. The power of both nonparametric tests typically increases when larger bandwidth values are taken. However, care should be taken to avoid "leakage" of power to other lags as a result of taking the bandwidth too large. The choice = 1 appears to be a reasonable trade-off between these effects for the models examined. The size of the independence test by construction is equal to the nominal size. For the model examined, the size of the linearity test turned out to be also close to the nominal level. Moreover, for models without linear structure, the power of the linearity test was found to be close to that of the independence test. This suggests that little is lost in terms of size and power when testing the more general null hypothesis of linearity instead of independence. Table 2 (T = 100, = 1.0). 
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